We present a critical assessment of the applicability of the Debye-Hückel (DH) approximation to the redshift of the Lyman-α emission line of the H-like ions under a dense plasma environment. By carefully considering the 2p → 1s transition spatially and temporally, our investigation suggests that the DH approximation may be applied to a limited number of H-like ions, such as the ones with Z between 5 and 18 or with Z greater than 50. Our numerical calculation, in fact, leads to quantitative agreement with the observed redshift of the well-isolated Lyman-α line at plasma density of the order of 1 × 10 22 cm −3 or higher with an electron temperature of several hundred eV of H-like Al 12+ . Our study also yields simulated data consistent with those from more elaborate quantum mechanical approaches.
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I. INTRODUCTION
At a density of 1 × 10 22 cm −3 or higher, the laser-produced plasma is substantially higher in density than the typical gas-discharged plasma at 1 × (10 15 − 10 18 ) cm −3 . It is not surprising that the atomic structure of the ions is influenced by such a high-density plasma environment. Indeed, it has been observed experimentally in a number of such laser-produced dense plasmas that the atomic spectral lines are redshifted at an electronic temperature of a few hundred eV or less, and at a density of 1 × 10 22 cm −3 or higher [1] [2] [3] [4] . Spectroscopically, the redshift of the well-isolated Lyman-α emission line of the H-like ion has always been considered as one of the better candidates for the high-density diagnostic of laser-produced plasma [5] . Qualitatively, this may be attributed, following the simple Debye-Hückel (DH) approximation [6, 7] , to the upward shift of the atomic energy levels due to the screened Coulomb potential in the presence of the external plasma environment. However, it was shown by Nantel et al. [3] that near the series limit, the DH approximation breaks down. This, of course, is expected since, first, the DH approximation is more suitable for the gas-discharged plasmas and, second, the atomic electron responsible for the atomic spectral lines near the ionization threshold is located at a distance far away from the nucleus, i.e., at a distance substantially greater than the radius of the Debye sphere. On the other hand, Fig. 1 of [3] also shows that for the spectral lines of H-like C 5+ corresponding to transitions involving electrons in the low-n states, the DH model appears to work qualitatively just like other more elaborated models.
For the DH model and the classical Maxwell-Boltzmann statistics to apply for the specific atomic process in a dense plasma environment, one should consider carefully if the basic criteria for the DH model are satisfied in terms of the interaction region and also the characteristic time of the atomic transition. We shall consider first the key aspect in * 051420@mail.fju.edu.tw terms of the interaction region. In a recent study on the photoionization of one-and two-electron atoms subject to a plasma environment, Chang and Fang [7] have pointed out that the DH approximation could be applied to an atomic transition if the process is short ranged in nature. This applies, in general, for transitions involving the ground state of the atom since the transition rates are dictated mostly by the overlap in the transition matrix between the ground-state wave function χ i and the final-state wave function χ f up to a distance r c from the nucleus (i.e., the critical interaction region), where the amplitude of the wave function of the ground state is non-negligible. This results from the fact that with a near-zero χ i at r > r c , the overlap between χ i and χ f beyond r c is much smaller than that from the inner interaction region with r < r c .
Temporally, the scale characteristic of the motion of the atomic electron has to be considerably different (either greater or smaller) from the correlation time τ p , or the inverse of the plasma frequency f p of the outside plasma [8] , i.e., τ p = 1/f p . The plasma frequency (in units of Hz) for a given plasma density n (in units of cm −3 ) could be estimated by the simple expression f p = 8.977 × 10 3 n 1/2 Hz (see, e.g., Eq. (4-26) of [9] ). The laser-produced dense plasma at a density of 1 × 10 22 cm −3 is far from being a thermodynamically equilibrium system with its plasma frequency greater than 9 × 10 14 Hz or with τ p ∼ 10 −15 sec or less. This is comparable to the time for an electron revolving around the nucleus for a hydrogen atom in its ground orbit at about 1.5 × 10 −16 sec and it is nearly the same for the 2p orbit at 1.2 × 10 −15 sec. Since the rate of an atomic electron revolving around the nucleus scales like Z 2 for H-like ions, the time-scale characteristic of an atomic electron revolving around the nucleus would be at least one order of magnitude smaller than τ p of the plasma for H-like ions with larger Z (e.g., Z > 5), such as the H-like Al 12+ ion. The other important time characteristic of the Lyman-α emission line is the time that the transition takes place or the average lifetime T 2p of the upper 2p state of the transition, which is the inverse of its transition probability A 2p . For H-like ions, A 2p could be expressed in terms of the dipole transition matrix element d 1s,2p = 1s | r | 2p and the energy [10] and more details for complex atoms in [11] ). It could also be expressed as the product of the oscillator strength f 1s,2p and δ 2 1s,2p (see, e.g., Eq. (59.15) of [10] ). In addition, it is well known that the oscillator strength f 1s,2p of the H-like ion remains the same as the one for the hydrogen atom. This is due to the fact that the Z-dependent parts from the d For the Lyman emission lines of a hydrogen atom, the estimated lifetime is of the order of a nanosecond (or, more precisely, 1.6 ns for the Lyman-α line; see, e.g., Table 15 of [10] ) and is substantially different from τ p for laser-produced plasma. This leads to a lifetime for the 2p state about one order of magnitude or more longer than τ p for an H-like ion with an intermediate Z (e.g., Z < 18). As Z increases further until it is greater than, e.g., 50, the lifetime of the np state would then be around one order of magnitude shorter or less than τ p .
By taking into account both time characteristics of the atomic transition, together with the earlier discussion on the interaction region, one could now conclude that the DH model would only work for the Lyman-α lines for H-like ions with Z approximately between 5 and 18 or greater than 50 at density around 1 × 10 22 cm −3 . Interestingly, we find that the existing experimental works on atomic spectra from laser-produced high-density plasma happen to be those within this range of Z, i.e., H-like Al 12+ [1] , C 5+ [2, 3] , and Ar 17+ [4] . In addition, the Lyman lines for H-like Ne 9+ were also investigated in great detail by more elaborate simulation schemes, which take into account the ion polarization effect [8, 12, 13] . In particular, Nguyen et al. [8] , based on a quantum mechanical impact theory (QMIT), have estimated the Lyman-α redshift (or polarization line shift) of H-like Ne 9+ to be 20% greater than an earlier quantum mechanical treatment by Davis and Blaha [12] (which takes into account only partially the effect of the ion charge density). This difference, as pointed out by Nguyen et al., comes essentially from the negative contribution by ions.
Following the DH approximation, the potential for an atomic electron due to a charge-neutral electron-ion plasma at a distance r from a nuclear charge Z is given by [13, 14] 
where A is the radius of the Debye sphere and D is the Debye length. Any estimate of the plasma effect on the atomic process based on the DH approximation should be limited to Debye lengths that are greater than A. Nearly all recent applications [15] [16] [17] [18] [19] [20] [21] of the DH approximation to atomic processes were carried out in the limit when A → 0, i.e., with a screened Coulomb potential V s in a one-electron Hamiltonian h o (r,D),
where p is the momentum of the electron.
In the present study, the atomic orbital functions of the H-like ion for the initial and final states of the transition, i.e., χ i and χ f , are generated, instead, by
The energy of the Lyman-α line is then given by
and, accordingly, the redshift of the Lyman-α line can be expressed as
where δ L α (D = ∞) is the plasma-free energy of the Lyman-α line.
Under the DH approximation, the screening of the nuclear charge experienced by the atomic electron due to the outside plasma is characterized by the Debye length. It is given in units of Bohr radius a o , in terms of the plasma temperature T (in degree Kelvin) and density n (in cm −3 ), respectively, by (see also, e.g., Eq. (2.5) of [14] )
[Please note that in Eq. (2) of [7] , 10 8 should read 10 9 .] Alternatively, it can be expressed by D = 6.90(T /n) 1/2 in units of cm. For the laser-produced dense plasmas (e.g., H-like C 5+ , Al 12+ , and Ar 17+ ), it may be more convenient to express the Debye length D in terms of the electron energy k b T in units of eV and its density in units of 1 × 10 22 cm −3 by the expression of (see also, e.g., Eq. (1-17) of [9] )
Figure 1 presents the variation of plasma density n as functions of 1/D at various electron energy k b T , where k b is the Boltzmann constant. We should point out that in some applications of the DH approximation [15, 16] , an extra factor 4π (Z + 1) is added to the density n by assuming the same mobility for ions and electrons, which does not apply to the subject of interest in this study. Our preliminary calculations to examine qualitatively and quantitatively the redshifts of the Lyman lines for hydrogenlike systems have suggested that the numerically simulated 063422-2 redshifts are actually fairly sensitive to the choice of A. One of the main purposes of this work is to present a more detailed analysis of the redshift of the Lyman-α line for H-like systems subject to a plasma environment based on a number of schemes with different choices of the radius of Debye sphere A, which we will outline in Sec. II. We will present our quantitative results and compare the simulated redshifts with the available observed data in Sec. III. We will show that by varying the two key parameters (i.e., D and A) under DH approximations, we are able to obtain the redshift of the Lyman-α line of H-like Al 12+ that is consistent with the only experimentally observed value [1] . Our results are also consistent with simulated redshifts for the Lyman-α line of H-like Ne 9+ derived from the earlier in-depth studies [8, 12] . A conclusion of our study will be presented in Sec. VI.
II. NUMERICAL SIMULATION WITH DEBYE-HÜCKEL APPROXIMATION
As we pointed out earlier, the Debye-Hückel approximation, with its simplicity, is able to qualitatively attribute the redshifts of the Lyman lines to the upward shift of the atomic energy levels due to the presence of the potential subject to the plasma environment given by Eq. (1). The question we would like to address is whether it could also lead to quantitative estimation that is consistent with the observed data for H-like ions within the range of Z where the DH approximation is applicable as we pointed out earlier.
We started our investigation, like many recent applications of DH approximation to atomic processes, by first setting A = 0 as the limiting case to simulate the redshifts. In addition to this first choice, one could also expect that the value A changes as D varies, i.e., A may depend upon the plasma density and temperature. A judicious determination of the relation between A and D would require a far more elaborate analysis and the DH approximation would no longer be the simple model as it is. To keep our investigation simple, our second ad hoc choice is to set A to be γ times smaller than the value of D. That is, by choosing A = D/γ (e.g., with γ = 10, A is one order of magnitude smaller than D), we may be able to find out how the resulting redshifts vary as D changes and if this somewhat arbitrary choice might offer an acceptable physical interpretation of the redshift of the Lyman emission lines of H-like ions due to a plasma environment.
As we already pointed out, the atomic transitions leading to all Lyman lines of H-like systems are essentially dictated by the 1s orbit. This implies that the interaction is short range in nature and is consistent with what we discussed earlier for DH approximation to apply. For the outside plasma to at least influence the 1s orbit, however small, one should not assume too large a value of A to have little or no plasma influence on the 1s orbit. At the same time, the value of A should not be too small so that the entire 1s orbit is exposed to the outside plasma field to the extend that it loses the atomic characteristics entirely. As a result, our third choice in simulating the redshifts of the Lyman lines is to set A to be at least the average size of the H-like ions in its 1s orbit 
For example, with
(1) will be proportional to Z 2 in the form of
Since the radial parts of the orbital wave functions, χ i and χ f , for H-like systems also depend on ρ = Zr, we could expect that the resulting energy values and the redshifts scale as Z 2 .
III. RESULTS AND DISCUSSIONS
Following the discussion earlier, the redshifts derived from the current study depend on two parameters, i.e., first, a temperature-and density-dependent Debye length D and, second, a dimensionless parameter, γ or η, which is linked to the radius of the Debye sphere A, in terms of either A = D/γ or A = (η/Z)a o . Table I lists the simulated redshift, α , of the Lyman-α line for hydrogen at a few selected Debye lengths with Z = 1, or at the reduced Debye length λ D for γ = 20 and η = 0,1.0,1.5, and 2.0, respectively. As expected, with η = 0, the calculated redshift is at its maximum value as the shifts of individual energy levels are at their maxima due to the maximum Coulomb screening with A = 0, or when the effect of the outside plasma environment is at its strongest. As we pointed out earlier, it is interesting to note that the calculated redshift is fairly sensitive to the choice of A. Table I for hydrogen with the Debye length D scaled as λ D /Z and the redshifts α scaled as Z 2 . Again, we find that the simulated redshifts vary substantially with different radius of Debye sphere A. To compare directly with the only quantitatively observed redshift in H-like Al 12+ from the laser-generated plasma at an electron energy k b T = 300 eV, we convert the data from Fig. 2 with Eq. (7) or those from Fig. 1 as functions of plasma density n in Fig. 3 . Our simulated redshift is in good agreement with the measured value at 3.7 ± 0.7 eV and a density of (5 − 10) × 10 23 cm −3 [1] . At η = 2, our results are also in close agreement with the simulated QMIT redshifts [1, 8] at 3.5 eV and a density 8 × 10 23 cm −3 . We now turn our attention to the redshift of H-like Ne 9+ . The results of the current investigation are compared in Fig. 4 with the earlier simulated data from two quantum mechanical approaches, i.e., the QMIT by Nguyen et al. [8] and the one by Davis and Blaha [12] . In particular, the QMIT suggested a linear dependence of the redshifts as functions of density at fixed electron energy (see Eq. (31) of [8] ). Our simulated results with ad hoc free parameter η and that of Davis and Blaha show a density dependence that is close to linear, but they both deviate from linear slightly at higher density. As pointed out also by Nguyen et al., the difference between the simulated [8] and Davis and Blaha [12] .
redshifts for the H-like Ne 9+ based on these two quantum mechanical approaches is essentially due to the insufficient negative contribution from ions. In addition, Nguyen et al. concluded that their calculated redshifts including the total ion polarization should be considered as the limiting ones, as shown in Fig. 4 . For a charge-neutral plasma, the DH model assumes the same electron and ion density outside the Debye sphere, whereas the atomic electron is subject only to a Coulomb screened potential due to the nuclear charge Z with no positive ion charge inside the Debye sphere. With a finite radius A, i.e., with a nonzero η, effectively, only a part of the ion polarization effect due to the plasma environment is included. In other words, the full ion polarization effect is accounted for only in the limit with A = 0 when the atomic electron is subject to a complete Coulomb screening or a less attractive potential, resulting in a larger redshift due to the more pronounced upper lifting of the atomic energy levels. Indeed, as one would expect, our simulated results with A = 0 (or η = 0) agree well with the limiting values from the QMIT calculation by Nguyen et al. shown in Fig. 4 .
The choice we made earlier to have the value of η between η min = 1 and η max = 2, based on the spatial consideration of the interaction region, appears to also represent well the degree of ion polarization effect included in the simulated redshifts based on the DH model. With a value of η between 1.0 and 2.0, our simulated redshifts appears to agree well with the observed experimental value for H-like Al 12+ ion shown in Fig. 3 . They are also consistent with the earlier simulated results from the quantum mechanical approach by Davis and Blaha for H-like Ne 9+ shown in Fig. 4 . The simulated result with the ad hoc free parameter γ = 20 is not included in Fig. 4 as it fails to reproduce qualitatively the linear dependence suggested by the two earlier quantum mechanical approaches.
One of the key advantages in applying the nonrelativistic DH model to the Lyman emission lines of the H-like ions with Z approximately between 5 and 18 is the Z scaling as we discussed earlier. Obviously, the simple Z scaling will not apply if the contribution from the relativistic effects turns out to be significant. For small-to intermediate-Z ions, such as Ar 17+ , the estimated contribution from the relativistic effects is, in fact, minimal and generally around 1% or less (see, e.g., Tables 3 and 4 of [15] ).
IV. CONCLUSION
The energy shift of an isolated atomic emission line, such as the Lyman-α line of the H-like ion, has always been considered as one of the possible candidates for the high-density diagnostic of laser-produced plasma [5] . We have shown in Sec. III that the Debye-Hückel approximation, with a judicial choice of the radius of Debye sphere, could generate the redshift of H-like ion in a plasma environment that is in agreement with the experimentally observed value, in addition to reproducing the simulated data consistent with more elaborate simulations based on quantum mechanical approaches. With the Z 2 scaling, the Debye length D derived from λ D according to Eq. (8) , and the data similar to those tabulated in Table I , it becomes extraordinarily easy to apply the DH model based on what we present in this paper to generate the data shown in Figs. 3 and 4 . What is needed would be additional experimental data such as that from Ref. [1] for other ions with Z between 5 and 18 and at other electron temperatures and densities. These experimental data could then serve as the benchmark to determine the parameters of our proposed simple DH model.
